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INTRODUCTION 

A bioassay experiment is designed to estimate the relative potency of a test 
compound (T) to a standard compound (S). The relative potency of T to S is 
defined as the dose of T that produces the same biological response as does a 

unit dose of S (1). 
Traditionally, relative potency has been estimated for a test compound that 

is a dilution of the standard. Currently, two different compounds that have 
parallel dose-response curves over some range of doses are rountinely 
assayed. This case is known as a comparative assay. 

A bioassay experiment may be either quantal or quantitative, direct or 

indirect. If the response measure is binary, the assay is said to be quantal (2). 
Otherwise, it is quantitative. In a direct assay the threshold dose required for 
response is determined for each experimental unit. Thus, the observed data 
are dose units. In an indirect assay the experimental unit receives one or more 
specified doses of the preparation and the observed data may be either quantal 
or quantitative responses. Depending on the experimental design, several 
dose levels of T and S are given to the same or different experimental units. 
The former experiment is called a crossover, and the latter, a paraUel group 
or completely randomized design. 

In this chap ter we discuss only indirect quantita tive assays. We first review 
the elementary theory developed over the past forty years for the univariate 
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386 LASKA & MEISNER 

case. Next, we summarize recent work that extends the theory to the multi­
variate situation. This theory enables the computation of a single estimate of 
relative potency based on many measures of outcome. It also provides a 
method for pooling results across experiments. We then apply the theory to 
the problem of determining whether two preparations are bioequivalent and 
whether mixtures of compounds are synergistic, additive, or antagonistic. 

UNIV ARIATE BIOASSAY 

The statistical analysis of a bioassay experiment requires a model that relates 
the average response to the dose of the preparations. If the average response is 
linearly related to the dose, and the line passes through the origin, the model 
is called a slope-ratio assay. However, a more commonly

' 
used model is the 

parallel line assay. In this assay response is linearly related to the log dose, 
and the line need not pass through the origin. The mathematical setup of the 
parallel line assay is as follows. Let the dose of the standard (test abbrevia­
tions in parentheses) preparation be denoted by Zs (ZT) and the log dose by Xs 
= logzs (XT = logzT). Let the response variable be denoted by Ys for S and YT 
for T. The statistical model assumes that 

1. 

where €S (€T) is distributed normally with mean 0 and variance cr for each 
value of Xs (XT)' In other words, as + {3xs is the average response due to the 
dose Xs of S, and aT + {3.xT is the average response due to the dose XT of T. If 
T is a dilution of S, a proportion, PZT, of the test preparation will have an 
effect equal on the average to a dose, Zs of the standard preparation for every 
value of ZT in the range of doses for which the model holds. The relationships 

and 

define the constant p, the relative potency of T to S. It follows that 

or 

log P = (aT - as)l{3. 2. 
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ST A TlSTlCAL METHODS OF BIOASSAY 387 

This expression defines the log of the relative potency in terms of the 
parameters aT, as, and {3 of the Parallel Line Model I. The geometric 
interpretation of the quantity, log p, is given in Figure I. 

To compute the point estimator of logp, the point estimators, as, aT, and � 
of the quantities as, aT, and {3 are necessary. These numbers are obtained by 
using ordinary least squares regression and then substituting the results into 
Equation 2. These regression estimators are computed in a manner similar to 
the computation of slopes and intercepts in a straight-line regression problem, 
but in this case, because of parallelism, the slopes of the two lines are 
constrained to be equal. 

Also, a confidence interval for logp is useful. (A statistical procedure is 
said to produce a 95% confidence interval for a parameter when, if repeated 
many times, the true value of the parameter would be included 95% of the 
time. The values defining the interval depend on the observed responses in 
each repetition of the experiment.) 

FieHer's Theorem (3, 4) provides a method used to obtain a confidence 
interval for a ratio of parameters when the estimators of both the numerator 
and the denominator are normally distributed random variables. Its applica­
tion to bioassay derives from Equation 2, which expresses log relative 
potency as a ratio of the parameters aT - as to {3 from Model J. 

Let a = aT - as. From elementary regression theory it follows that 5 is a 
normal random variable with mean ai - as, and � is a normal random 
variable with mean (3. Then E(8 - 11-�) = 0, where the notation E indicates 
the expected value of the random variable. In such a situation, Fieller's 
Theorem asserts that 

defines a confidence region for 11-= logp. Here S2 is the point estimator of cr 
obtained from Model J; kt. k2' and k3 are constants that depend on the log 
doses and the number of test and standard observations; J.I = N -3, where N is 
the total number of observations, and F.,v is the 95th percentile of an F 
distribution with I and J.I degrees of freedom. The confidence interval is 
determined by the roots, A and B, of the quadratic equation 

"2 
" " A 

where a={3 - F l ,v k., b = - 2ij{3 + 2k2FI,v and c=ij2-F.,vk3' If a> 0 then 
the confidence region is the interval [B,A]. But if a<O and b2-4ac > 0, then 
the confidence region is the exterior of the interval [B,A], i.e. the set log p � 
B and log p � A. A third possibility is that the confidence region is the entire 
straight line. This uninformative consequence of FieHer's Theorem occurs 
when a < 0 and b2 

- 4ac < O. No other cases are possible (5). 
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388 LASKA & MEISNER 

RESPONSE 

T S 

TEST DRUG 

STANDARD DRUG 

LOG DOSE 
Figure 1 The length of the interval (T, S) is the log relative potency. The dose T of the test drug 
produces the same response as the dose S of the standard drug. 

It is standard procedure to test the validity of the model of Equation 1 via an 
analysis of variance (ANOY A) (1). In Table 1 the entry "Regression" tests the 
null hypothesis that the slope, {3, is zero. This test is important for if {3 is zero, 
the concept of relative potency has no meaning because from Equation 1 the 
relative potency parameter is undefined. "Parallelism" (Table 1) tests the 
assumption that the dose response lines for test and standard are indeed 
parallel. The model of Equation 1 assumes that the average response of Y s 
depends linearly on the log dose, AS. The true relation between Ys andxs may 
be more complicated. They could be related by higher order terms, such as a 
quadratic involving the square of Xs. Also in Table 1, "Linearity" tests the 
possibility that a linear model is an inadequate representation of the dose­
response relationship. The entry "Preparations" examines whether the same 
range of effectiveness is studied in the two treatments. It tests the null 
hypothesis that the weighted-population mean response of all doses of the 
standard equals that of all doses of the test used in the experiment. If so, the 
assay may still be valid. The magnitude of the difference indicates how great 
an extrapolation in the effect range is involved. 

Although the ANDY A is traditionally used to test validity, it is somewhat 
inconsistent with the analogous tests based on the model of Equation 1. Using 
likelihood-ratio theory all tests can be based on Equation 1 ,  thereby avoiding 
any possibility of inconsistencies. As an illustration, the estimator of (T2 
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Table 1 Analysis of variance for parallel Iinc 

assay based on a completely randomized (parallel 

groups) design 

Source of variation 

Between doses 
Regression 
Parallelism 
Preparations 
Linearity 

Within doses 

Total 

Degrees of freedom" 

Ks + KT - 4 
Ns + NT - Ks - KT 

Ns + NT - 1 

aNs (NT) is the number of experimental units receiving 
the standard (test) preparation, and Ks (KT) is the number 
of different doses of the standard (test) preparation. 

(required for instance by Fieller's Theorem) resulting from use of the AN­
OYA, is not the same as that resulting from the use of Equation 1. The 
ANOYA method ignores, whereas the likelihood-ratio method incorporates, 
the dose-response relationship (6). 

COMBINATION OF UNIV ARIATE ASSAYS 

The problem of combining bioassays (1, 7-9) has received renewed attention 
in recent years. Suppose that several independent bioassay experiments de­
signed to estimate the relative potency of the same test and standard treat­
ments are performed. Each one produces a point and 95% confidence interval 
estimator of p. How could a single point and interval estimate of p be 
produced on the basis of all of the data? Clearly, such combined estimates 
should be more accurate than those produced by the individual experiments. 
By application of the method of maximum-likelihood estimation, a combined 
estimator can be obtained (7, 9). Two features of the combined estimator may 
be mentioned: (a) the combined estimator of p depends not only on the 
individual estimates of p but on the sample sizes, experimental design, 
estimated residual error, and the statistics aT, as, and � obtained in each of 
the experiments; and (b) the estimator of log p is obtained from the solution to 
a polynomial equation whose degree is greater than two. This latter situation 
does not occur in the problems mentioned previously. For example, aT is 
obtained from a linear equation. The FieBer confidence interval is obtained by 
solving a quadratic equation. The new mathematical complication occurs 
because estimation of the common relative potency is a nonlinear problem. 
Such problems in mathematical statistics generally require the solution of 
complicated nonlinear and nonquadratic equations. 
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390 LASKA & MEISNER 

Combining many bioassays involves first testing the validity assumptions 
in the individual studies. Even if a few such studies fail, they need not 
necessarily be excluded from the analysis. Complications arise when the slope 
of the regression lines of one or two of the studies has a sign that is opposite to 
those of the other studies. The additional hypothesis requiring investigation is 
whether the drugs share a common relative potency across experiments. This 
hypothesis can also be tested by the likelihood-ratio approach. Mathematical 
complications also arise here because such a hypothesis is not linear. In 
particular, instead of minimizing a sum of squares (as in straight-line regres­
sion theory), finding the likelihood-ratio test in this situation requires 
minimizing a function of the form 

where Pi> qi, and ri are constants depending on the log doses in the ith 

experiment. I is the number of investigators and JL = logp. The value of JL that 
minimizes J(JL) is fJ" the combined maximum-likelihood estimator of log 
relative potency. The solution can be found numerically. Various values of JL 
are systematically substituted into the above equation until the one that 
produces the minimum value of J(JL) is found. Another approach to finding 
the minimum is possible because J(JL) can be conveniently expressed as a 
ratio of two polynomials: J(JL)=Pl(JL)lPiJL). Standard techniques of differen­
tial calculus can then be used to obtain fJ, as the root of a polynomial equation. 

Finally, using likelihood-ratio methods, a Fieller-like confidence region 
(C) for logp may be obtained. In general, likelihood-ratio theory requires the 
specification of two hypotheses, Ho and HI. In the above case, Ho is the 
hypothesis that, across all experiments, the log relative potency is equal to a 
specified value, JLo = 10gPo. C is the acceptance region of Ho, i.e. the set of 
all JLo for which Ho is not rejected. An exact method and an asymptotic 
method, both of which use the same Ho, have been developed. They differ in 
the choice of HI> the "alternative hypothesis." If HI is the hypothesis that all 
experiments share an unknown common relative potency, then asymptotic or 
large-sample distribution theory must be used. If HI is the general linear 
model of Equation 1, a common relative potency across all experiments is not 
assumed, which results in the applicability of exact or small-sample distribu­
tion theory. The two approaches lead to different denominators in the likeli­
hood ratio used to compute confidence regions. Nevertheless, the mathemati­
cal forms of the two confidence regions are very similar. Note that the word 
region rather than interval is used, for C may consist of one interval or many 
intervals. The possibility of many finite intervals in the confidence region 
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does not occur when a confidence region for logp is computed for one 
bioassay. When the data is not pathological, however, C probably consists of 
one interval. If C is the asymptotic confidence region, then j1, the combined 
estimator of logp, always belongs to C. If C is is the exact confidence region, 
it may be empty. This situation, too, does not occur with one bioassay. 
However, when the exact confidence region C is not empty, j1 always belongs 
to it. 

SINGLE AND COMBINED MUL TIV ARIA TE BIOASSA YS 

Several papers have discussed multivariate bioassay (6, 10-13). Multivariate 
bioassay estimates relative potency when the observation of an experimental 
unit is not a single value but a vector of multiple responses representing 
different, but possibly correlated, outcomes. As in a univariate assay, each of 
the responses of the two drugs S and T are assumed to follow a linear model. 
For the ith response variable, we assume the model 

Ys,; = as,; + f3; logzs + €s,; (YT,; = aT,; + f3; logzT + fT,;), 3. 

where, as before, ZT and Zs are the log doses. For the ith response variable, 
Model 3 is identical to Model 1, the model in the univariate situation. Here, 
however, if there are, for example, three responses, the covariances of the 
error terms ET,I> €T.2, and €T,3 play a major role. The vector fT = (fT,1> fT,2, 
fT,) is assumed to be multivariately normally distributed with mean vector 
(0, 0, 0) and unknown variance-covariance matrix !.. Note that, as in the 
univariate case, the standard and test formulations for each fixed i are 
assumed to have the same slope, (3j, although these slopes may be different 
for different response measures. 1f T is a dilution or new formulation of S, the 
relative potency should be the same, irrespective of the response measure 
used. The main goals of a multivariate bioassay are to (a) test the validity of 
the model of common slope; (b) test the hypothesis that there is a common 
relative potency for each variable; (c) estimate the scalar quantity, the com­
mon relative potency; and (d) determine a confidence interval for the common 
relative potency. 

If two or more independent bioassay experiments are performed on T and 
S, as in the univariate case, each experiment separately yields a relative 
potency. In addition to the above points, another goal of combining multi­
variate bioassays (13-15) is (e) to analyze the data of all the experiments 
simultaneously to obtain a single point and interval estimator of relative 
potency. 

The mathematics of these problems are more difficult than those of corre­
sponding problems that arise in the univariate situation. Goal (a) is easiest to 
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reach because it can be fonnulated as a linear hypothesis with respect to a 
multivariate model, at the same time being somewhat more general than the 

multivariate Model 3. The theory of tests of such linear hypotheses is well 

known. Thus, a test of (a) uses the F-test statistic. In short, (a) is treated as a 

special case of standard linear multivariate statistical theory. Hypothesis (b), 
on the other hand, does not arise univariately and is a nonstandard hypothesis 

testing situation because it is a nonlinear hypothesis. Asymptotic, i.e. large­

sample, mathematical techniques are unavoidable. In the multivariate bioas­

say case, likelihood-ratio theory facilitates a large-sample test of the hypoth­

esis of common relative potency. The same technique yields a maximum­

likelihood estimator of the common relative potency and a corresponding 95% 
confidence interval. In a single multivariate bioassay experiment the methods 
that generate the tests and estimators described in (a)-(d) surprisingly tum out 

to require nothing more complicated than solving quadratic equations. 

However, analysis (e), combining several multivariate bioassays, involves 

solving higher order polynomial equations, as in the situation that arises from 
combining several univariate bioassays. A maximum-likelihood solution to 
the problem of combining multivariate bioassays has just recently appeared. 
The mathematical detail of the statistical analyses of these experiments is 

given in the references (13, 15) cited above. In the following sections we 

present some applications of these methods. 

BIOEQUIV ALENCE 

There is considerable current interest in the interchangeability of generic and 

brand-name compounds (16-28). Suppose there is a standard drug S and a test 

drug T, which is a new fonnulation of the standard. The statistical problem is 

how to detennine whether the two fonnulations are equivalent . The ex­

perimental procedure is accomplished in vivo, using a crossover or a com­
pletely randomized design. After either a single dose or multiple doses are 
administered to a pseudo steady state, blood samples are obtained to find the 
serum concentration over a single dose interval. All inferences about bio­
equivalence are made on the basis of this single dose. 

The concentration curves are usually summarized by three measures: (a) 
the area under the curve (AVC); (b) the peak concentration (Cmax); and (c) the 
time to achieve the peak concentration (T max). Usually each of the three 

measures (or a transformation such as their logarithms) is assumed to follow a 

nonnal distribution. The statistical hypothesis of interest is whether, for 
example, the expected values of the AVC given the standard drug S, 
E[AVCIS}, and the analogous quantity, E[AVCITJ, are equal. In practice, 
equality is not necessary, and if each of the three measures are similar, the 

formulations are said to be bioequivalent. Note that in the usual statistical 
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STATISTICAL METHODS OF BIOASSAY 393 

situation the hoped for result is rejection of the null hypothesis, whereas in 
this case bioequivalence is concluded when the null hypothesis is not rejected. 
One must be sure, however, that the statistical power is adequate to reject if 
the drugs are not bioequivalent. Procedures for judging bioequivalence in­
clude classical statistical hypothesis testing, confidence intervals for the 
difference of, E[AUCISj-E[AUCITj, confidence intervals for the ratio 
E[AUCITjIE[AUCISj, and Bayesian methodology. Typically, the above 
methods are carried out univariately, that is, separately for each of the three 
measures. 

One widely used rule accepts the proposition that two formulations are 
bioequivalent if the serum summary parameters of the test formulation are 
within 20% of those of the standard formulation. Let UT and Us denote the 
summary serum concentration parameters, and let e = UTIUs. If with 
probability 0.95, 0.8�ge� 1.2, then the formulations are said to be bioequiv­
alent under this rule. 

Several different statistical approaches to obtaining confidence intervals 
have been suggested. Fieller's Theorem could be applied, and if the resulting 
interval falls within 0.8 to 1.2, then bioequivalence is accepted. Other authors 
have recommended methods for forming a confidence interval for e that is 
symmetric about I. These approaches use the fact that there are many pairs of 
scalars for the t distribution with v degrees of freedom that may be used to 
form a 95% confidence interval. In contrast to the usual scalars that are 
determined a priori, e.g. ± 1.96, these approaches choose limits that are data 
dependent to obtain a symmetric confidence interval. 

Various post hoc statistical procedures are also used to perform power 
calculation to estimate the chance of detecting a difference, as a function of 
the true difference. These methods are post hoc in that the estimate of 
variability obtained from the results of the experiment is used in the power 
calculation. 

The three measures usually used to summarize the serum concentration 
curves are obviously not three independent random variables but are rather 
components of a multivariate-response vector. It is clearly inappropriate to 
treat the responses univariately, since such a procedure results in several 
different measures of bioequivalence and ignores the covariance relationships 
between the components of thc response vector. Therefore the appropriate 
approach is multivariate, in which a single measure of bioequivalence and a 
95% confidence interval is obtained. In the case of measures that are ratios, a 
multivariate analogue of FieBer's Theorem can be applied. Also, rather than 
use the three summary measures of the concentration time curve, it may be 
more appropriate to use the actual observations of serum level at the times that 
they are obtained. 

If the two formulations are found to be bioequivalent at one dose, the 
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394 LASKA & MEISNER 

question of bioequivalence at a different dose is generally not tested in vivo. 
However, if there is therapeutic interest in a range of doses, it is logical to 
study the bioavailability over the full range. If the experimental design 
includes multiple doses of S and T, then the application of bioassay tech­
niques is immediate and the scalar quantity relative potency is the natural 
indicator of bioequivalence. As mentioned above, if the confidence region for 
relative potency lies between 0.8 and 1 .2, the two formulations may be said to 
be bioequivalent. 

Finally, when there are several experiments it is important to have a single 
reply to the question of bioequivalence. Here the method of combining 
multivariate bioassays from two or more experiments provides a setting in 
which a single common relative potency and a corresponding 95% confidence 
region provide an unambiguous measure of bioequivalence. 

MIXTURES 

When two drugs, denoted by DI and Db are mixed in known quantities to 
produce a combination agent, its effectiveness is frequently compared to the 
effects of the constituent drugs acting separately. Suppose that the drugs are 
equipotent. If, for all doses XI and Xb the effect of the mixture of dose XI of 
D I and dose X2 of D2 equals the effect of D I (or D2) at dose x I + X2, the mixture 
of the two drugs is said to be additive. Also, the two drugs are said to be 
synergistic or antagonistic according to whether the effect of the mixture is 
greater than or less than the effect of D I (or D2) at dose X I + X2. A curve of the 
doses (x I, X2) for which the effect of the mixture is constant is an isobole, and 
a collection of these curves, at different effect levels, is an isobologram (29). 
The type of joint action described by the additive model is simple similar 
action. 

More generally, suppose the relative potency of D I to D2 is P. = log p. 
Further, assume that the effect of the mixture is a random variable that is 
normally distributed. The null hypothesis Ho states that the mixture is addi­
tive, i.e. the effect random variable has a mean equal to (\' + �log(xi + PX2). 
Notice that the model is statistical and makes no attempt to represent the 
biological action of the drugs (30-33). If the mixture is additive, point and 
interval estimators for the parameters may be obtained using maximum­
likelihood theory, although numerical methods and asymptotic theory are 
required (34, 35). 

The question of additivity versus synergism or antagonism may be tested as 
a statistical hypothesis using likelihood-ratio theory. Let the j th dose of the i th 
mixture be (xlii,x2ij) where the ith mixture has the property that x2ij = 'YiXlij' A 
common design is to have nij subjects receive the ith mixture at the ph dose 
level. 
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To perform the likelihood-ratio test, an alternative hypothesis, HI, needs to be 
specified. One natural alternative is a model in which for each dose mixture of 
ratio "'Ii. there is a separate constant I.ti = logp;, such that the effects of the 
mixture of dose Xlij of DI and dose X2ij of D2 is equivalent to the effect of dose 
Xlij + 1.t;X2ij of DI. For the ith mixture, the expected response is 

Substituting X2ij = "'I;.X'lij' the expected response is equal to 

where 

Ci = a + I3I0g[(1 + I.ti"'li)/(l + "'Ii)]' 

The first step is checking that the dose-response lines of the mixture are 
parallel. This may be accomplished by fitting the model 

E(response) = Ci + l3ilog(xlij + X2ij) 

and testing the null hypothesis that the 13; are equal. If parallelism is rejected, 
the model of additivity is not possible and must be rejected. If parallelism is 
not rejected, the common slope 13 and Ci are estimated by least squares, and 
the quantities I.ti are determined from them in the same fashion as in the 
calculation in Equation 2. 

Another alternative, HI. assumes no structure other than that the responses 
are normally distributed. In either case the test of additivity proceeds first by 
independently maximizing the numerator likelihood under Ho and the de­
nominator likelihood under HI and computing their ratio A. To check signifi­
cance -210gA is compared to the 95th percentile of a chi-square distribution. 

The maximum-likelihood estimator. fL. is a by-product of the above 
calculation. In the computation of the ,numerator under the additivity model 
Ho, the value of I.t for which the maximum of the likelihood-ratio statistic is 
achieved is the maximum-likelihood estimator. 

To find a confidence interval first test that the relative potency of D I to D2 

is equal to a known constant, Po. Under this Ho, the least-squares estimators 
of the remaining parameters a and 13 can then be obtained by standard 
regression theory because the resulting model is linear. The estimators de­
pend, of course, on the particular value of Po. Using either specification of 
HI, the null hypothesis of additivity can be tested using the likelihood ratio. 
The resulting test statistic follows an F distribution, and rejection occurs when 
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the statistic exceeds the 95th percentile. The 95% confidence interval then 
consists of all points Po for which this null hypothesis is not rejected. 
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